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Abstract

In this talk we introduce spectral zeta functions. The spectral zeta
function of the Laplace-Beltrami operator was already introduced by Mi-
nakshisundaram and Pleijel in 1948, see [6]. The concept was generalized
in several directions, e.g. for large classes of elliptic pseudodifferential
operators and it provides an important tool for defining determinants for
elliptic operators. We give an introduction in the form of an overview
into the subject, using heat kernel methods and the Mellin transform. We
include reference for many details that we omitted and for some further
reading.

1 The spectrum of generalized Laplacians

Let M be a compact manifold. All manifolds in this talk are manifolds without
boundary. Let E → M be a real vector bundle with a fiberwise scalar product
and connection ∇. Γ(E) will denote the smooth sections of E. We equip M
with a smooth volume element dµ on M . Then for sections s1, s2 ∈ Γ(E) one
defines the (global) scalar product as

(s1, s2) =

∫
M

〈s1(x), s2(x)〉 dµ(x).

The completion of Γ(E) with respect to this scalar product is the space of L2-
sections ΓL2(E), and for other types of regularity, e.g. R ∈ {H1, H2, C2, . . .} we
write ΓR(E) for the associated space of sections. In particular Γ(E) = ΓC∞(E).
We have ∇ : Γ(E)→ Γ(T ∗M ⊗ E), and ∇∗ : Γ(T ∗M ⊗ E)→ Γ(E).

Definition 1.1. A generalized Laplacian on E →M is an operator

∆ := ∇∗∇+K : Γ(E)→ Γ(E)

where K ∈ Γ(E ∗ ⊗E) is selfadjoint, i.e. for all x ∈ M , K(x) ∈ End(TxM) in
a smooth way, and we further assume that K is selfadjoint. i.e. K(x)∗ = K(x).
Here K acts fiberwise, i.e. for s ∈ Γ(E) and x ∈ M we define (Ks)(x) :=
(K(x))(s(x)).

Example 1.2. Let E = M × R → M be the trivial bundle of rank 1 with
the trivial connection, K = 0. Then Γ(E) = C∞(M,R). Further ∇ = d :
C∞(M,R) → Γ(T ∗M) is the exterior differential, and ∆ = ∇∗∇ = d∗d :
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C∞(M,R) → C∞(M,R) is the Laplace-Beltrami operator. In the case M =
Rn/Zn we have the standard Laplacian

∆ =

n∑
i=1

− ∂2

∂xi2
.

For a short introduction into the the main facts about generalized Laplacians
needed in the talk, we refer to [1] and the literature cited therein, as e.g. the
lecture books [5] and [2].

A generalized Laplacian has an extension to an operator from the Sobolev
space ΓH2(E) to ΓL2(E), also denoted by ∆. The space ΓH2(E) is a dense linear
subspace of the Hilbert space ΓL2(E), and ∆ : ΓH2(E) ⊂ ΓL2(E) → ΓL2(E) is
then an unbounded self-adjoint operator in ΓL2(E).

Theorem 1.3. There exists an orthonormal basis ϕ1, ϕ2, . . . of ΓL2(E) and real
numbers λ1, λ2, . . . such that

∆ϕk = λk · ϕk,

λ1 ≤ λ2 ≤ λ3 ≤ . . . ↗ +∞. Each λk is repeated only finitely many times. All
ϕk are smooth.

Theorem 1.4 (Weyl). Let ∆ : Γ(E) → Γ(E) be a generalized Laplacian over
an n-dimensional compact Riemannian manifold. For each λ ∈ R let N(λ) be
the number of eigenvalues of ∆ less than λ. Then

lim
λ→∞

N(λ)

λ
n
2

=
rankE · vol(M)

(4π)
n
2 · Γ

(
n
2 + 1

) .
In particular

λk ∼ Ck2/n.

2 Motivation

For any generalized Laplacian ∆ we want to define its determinant

“ det ”∆ = λ1λ2λ3 · · · .

Besides the inner-mathematical interest, it is important for quantum field theory
to define such determinants, as these determinants are parts of natural action
functional in quantum field theory, see e.g. [3] for details.

On the other hand it is obvious that the infinite product λ1λ2λ3 · · · does
not converge, so the above definition does not make sense. We have to find a
new way to interpret this formula, to regularize this divergent product.

Consider a positive definit self-adjoint operator P on a finite-dimensional
Hilbert space. Let λ1, . . . , λn its eigenvalues and ϕ1, . . . , ϕn its eigenvectors.
The functional calculus provides for z ∈ C an operator P z with

P z(ϕk) := (λk)zϕk = ez log λkϕk.

We define

ζP (z) := trP−z =

n∑
k=1

(λk)−z =

n∑
k=1

e−z log λk .
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Then

ζ ′P (0) =
d

dz

∣∣∣
z=0

ζP (z) =

n∑
k=1

(− log λk)e−0 log λk = − log

(
n∏
k=1

λk

)

Thus
detP = e−ζ

′
P (0).

Strategy: Define the spectral zeta function ζ∆ for any generalized Laplacian
∆. Then define

det ∆ = e−ζ
′
∆(0)

3 Definition of spectral zeta functions

In this section we mainly follow [2, Section 9.6].
Let ∆ be a generalized Laplacian with notation as above.
We fix a number Λ ≥ 0. Let m be the smallest integer with λm > Λ. Let H

be the closed subspace of ΓL2(E) generated by (ϕk)k≥m. For the operator

P := ∆|H : H ∩ ΓH2(E) ⊂ H → H.

we can define complex powers, i.e. for z ∈ C, there is a unique closed, densely
defined operator P z in H such that P z(ϕk) = (λk)zϕk for k ≥ m. The operator
is bounded if <z ≤ 0, compact for <z < 0, and because of Weyl’s theorem about
the asymptotic of eigenvalues, it is trace-class for <z < −n/2. The trace of such
operators is usually written as Tr in order to distinguish it from the pointwise
trace tr of endomorphism valued functions as for example M → End(E).

Definition 3.1. The spectral zeta function is

ζ∆,Λ(z) := TrP−z.

Example 3.2. Assume that M = S1 = R/(2πZ) 3 [t] is the circle of perimeter
2π, and let ∆ be the Laplace-Beltrami operator. Then λ1 = 0, and λ2k =
λ2k+1 = k2 and ϕ1 ≡ 1/(2π), ϕ2k = 1

π cos kt ϕ2k+1 = 1
π sin kt. Then for Λ = 0

we have m = 2, and

ζ∆,0(z) =

∞∑
j=2

λ−zj = 2

∞∑
k=1

1

k2z
= 2ζ(2z)

where ζ is the Riemann zeta function.

A priori it is only defined for z ∈ C with <z > n/2, but we can extend it
meromorphically.

Theorem 3.3. The spectral zeta function has a meromorphic extension ζ∆,Λ :
C→ C ∪ {∞}. This function is holomorphic in 0 and all poles are elements of
{n/2− ` | ` ∈ N0}.

The proof uses heat kernel methods and the Mellin transform.
We then define

′
det ∆ := e−ζ

′
∆,0(0).
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Here we write det′ instead of det in order to indicate that it is not the determi-
nant on the full space, but only on H.

It is also interesting to analyse what happens when we change the cut-off
value from Λ to Λ̃. Let

Λ < λm ≤ λm+1 · · · ≤ λm̃−1 ≤ Λ̃ < λm̃.

Then TrP−z = Tr P̃−z +
∑m̃−1
j=m λ−zj , and this implies

e−ζ
′
∆,Λ(0) = λm · λm+1 · · ·λm̃−1 · e−ζ

′
∆,Λ̃

(0)
.

Thus the following definition for generalized Laplacians ∆ does not depend on
the choice of Λ ≥ 0:

detfull ∆ = λ1 · λ2 · · ·λm−1 · e−ζ
′
∆,Λ(0).

However, obviously if 0 is a priori known to be an eigenvalue, as e.g. for the
Laplace-Beltrami operator, then det′ carries non-trivial information in contrast
to detfull.

Remark 3.4. One can define zeta functions and determinants in much larger
generality, e.g. for arbitrary positive self-adjoint elliptic (pseudo-)differential
operators. However in general

det(P1 ◦ P2) 6= detP1 detP2,

which is known as the multiplicative anomaly, see e.g. [4] and [7] for more
information.

4 Heat kernel

We briefly summarize the heat kernel methods on compact manifolds, see [1]
for details. For simplicity we assume 0 = Λ < λ1.

Definition 4.1. For ψ ∈ Ey, x, y ∈M , t > 0, we define

kt(x, y)(ψ) :=

∞∑
j=1

e−tλj 〈ϕj(y), ψ〉ϕj(x).

Thus kt(x, y) ∈ Hom(Ey, Ex). It is called the heat kernel of ∆ on M .

For t0 > 0, the heat kernel and all its t-derivatives converge uniformly in
t ≥ t0 in all Hk-norms and all Ck-norms. In particular, kt(x, y) is smooth in t,
x, and y, and we can differentiate term by term.

For every t > 0 the section kt(x, y) is the integral kernel of the operator
e−t∆. If we define for Ψ ∈ Γ(E),

ψt(x) :=

∫
M

kt(x, y)(Ψ(y)) =
(
e−t∆Ψ

)
(x),

then on M × [0,∞) we have a solution of the equation

(
d

dt
+ ∆)ψt = 0
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with initial condition ψ0 = Ψ.
The operator d

dt+∆ is called the heat operator as it describes the propagation
of heat, in case that E is the trivial real line bundle with trivial connection.

For t→∞ the heat kernel converges exponentially to zero. The asymptotics
for t→ 0 is well-understood, see e.g. [1], and in particular it is an important tool
for proving the Atiyah-Singer index theorem, and it is an important ingredient in
Connes’ approach to describe the Standard Model in terms of noncommutative
geometry.

For our presentation we are only interested in the trace of e−t∆. We use
Tr e−t∆ =

∫
M
kt(x, x) dx. We obtain the following asymptotic expansion for

t→ 0:
∞∑
j=1

e−tλj = Tr e−t∆ ∼
∞∑
`=0

a`t
−(n/2)+`

where a` ∈ R, ` ∈ N0, are real numbers obtained by integrating geometric data.
For example if E is a flat bundle, then

a0 :=
rankE

(4π)
n
2

vol(M), a1 :=
rankE

6(4π)
n
2

∫
M

scal(x).

5 Mellin transform

Again we cite [2, Section 9.6] as reference.
For a function f ∈ C∞((0,∞)) with suitable behavior close to 0 and ∞ we

define the Mellin transform as

M [f ](z) =
1

Γ(z)

∫ ∞
0

f(t)tz−1 dt.

Recall

Γ(z) =

∫ ∞
0

e−ttz−1 dt.

Substituting τ = λt, for λ > 0 one easily sees∫ ∞
0

e−tλtz−1 dt = Γ(z)λ−z.

This implies — provided that all integrals converge —

M [t 7→ Tr e−t∆](z) =
1

Γ(z)

∫ ∞
0

Tr(e−t∆)tz−1 dt

=

∞∑
j=1

1

Γ(z)

∫ ∞
0

(e−tλj )tz−1 dt

=

∞∑
j=1

(λj)
−z = Tr ∆−z = ζ∆,0(z)

Proposition 5.1. Assume f ∈ C∞((0,∞)) has for t → 0 the asymptotic ex-
pansion

f(t) ∼
∞∑
`=0

a`t
−(n/2)+`.

5



Further we assume
|f(t)| ≤ Ce−tλ0

for some constants C > 0, λ0 > 0 and all t ≥ 1. Then

• The Mellin transform M [f ](z) is well-defined thorugh the integral above
for <z > n/2,

• M [f ](z) has a meromorphic extension to C with poles contained in{n
2
− `

∣∣∣ ` ∈ N0

}
,

• M [f ](z) is holomorphic in 0 with

M [f ](0) =

{
0 if n is odd

an/2 if n is even

• If (n/2)− ` 6∈ Z≤0, then the residue of M [f ](z) at (n/2)− ` is

a`
Γ(n2 − `)

.

For a proof see the 1st Lemma in Section 9.6 of [2].
As the function t 7→ Tr(e−t∆) satisfies the assumptions of the proposition,

the spectral zeta function the theorem is proven, and the residues of the poles
reflect the coefficients of the asymptotic expansion of the trace of the heat kernel.
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