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The setting of this talk

» Let (M, g) be a complete oriented Riemannian manifold,
N a compact oriented submanifold of codimension k.

> [M:N]=(M\ N)U SyN the blowup of M along N.
Here Sy N is the normal sphere bundle of N in M,

SuN = 9[M : NJ.
| M=R |~
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The pull-back glp = (7*9)|p : To[M : N]@ Tp[M : N] — Ris
degenerate along the fibers of SyyN — N.



The setting of this talk. Page 3

» We assume that M\ N is spin. Thus there is a complex
spinor bundle ¥ — [M : N].
This is a complex vector bundle with hermitian connection
and a parallel multiplication, called Clifford multiplication

XY o+Y - X-p+29(X,Y)p=0.

If the spin structure extends to M, then ¥ = 7*(XM).

> Let L — [M: N] be a hermitian line bundle with V, whose
curvature is a pull-back from M.
RY = ir*a, o € T(\? T*M).

» W :=X ® L generalized spinor bundle on [M : N]

More general frameworks are possible which will not be
discussed in this talk.
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Why are boundary conditions interesting?

On complete Riemannian spin manifolds the Dirac operator is a
self-adjoint differential operator of first order, often Fredholm.
This allows many applications, e.g.

» index theory, including spectral flow

» obstructions to positive (or non-negative) scalar curvature

» proof of the “positive mass theorem”, further applications to
general relativity

» construction of invariants in low-dimensional topology, e.g.
Seiberg-Witten invariants

» physics: quantum mechanical description of fermions, e.g.
electrons

» solving partial differential equations, e.g. Yamabe problem

If we are on manifolds with boundary, with corners, conical
singularities etc, then we have to prescribe the allowed
behavior close to this singularity ~~ boundary conditions. \}R



Examples with different codimensions

» dim N = dim M — 1: Classical boundary problem.
If N separates M in My and M», then

[M:N] = (M; UN)II (Mo UN).

No degeneracy!
» dim N = dim M — 2. Monodromy o = (o, ..., ;).

Parallel transport in W around N; is €™,
[j] € R/Z only depends on j.
Main objective of the talk.

» dmN < dimM — 3.
Then L = 7*(L£). No monodromy effects.
Furthermore N is “invisible”.
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Main examples
» M spin. Monodromy comes from L.
Main subcase: L flat. Monodromy 71(M\ N) — S'.
Main subsubcase: N is a link in S2.

(8" 5 exp 2miac s L,

» (M\ N)U N, is spin. Similar discussion close to N;

» (M\ N)U N, is not spin, (more precisely: spin structure
does not extend).
Then monodromy only comes from ¥, o; = 1/2 mod Z.
Main subcase: L = C
Example: M = CP?", N = CP? 1,
Fix p € M\ N, solve DV = 145, on M\ N with bdy cond.
Expectation: If PMT would fail, we would get a map

S(Xp) x {bdy cond} — {non-zero spinors on N}.

Interesting applications? \}R



Genesis of the project

Work by mathematical physicists for M = S® or M = R3.
Electrons coupled magnetic fields.

Existence of harmonic spin®-spinors yield statements of the
type

If our world is stable, then the fine structure
constant 4c/e? has to satisfy some bounds.

Measurements: hc/e? = 137.03599968 . ... Why this?

Examples of harmonic spin¢-spinors on M = S® with
distributional magnetic field « along N yield smooth solutions
on R3: smoothing of magnetic field, conformal change.

Leads to link invariants, Hopf insulators (3-d topological
insulators)
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Some literature (incomplete!)

>
>

Aharonov & Casher 1978: general description

Loss & Yau (& Fréhlich) 1986: first examples of harmonic
spinors, relation to “stablity of matter” and “estimates of the
fine structure constant”

Laszl6 Erdds & Solovej 2001: good progress, examples
with many harmonic spinors on S2, sketchy

Portmann & Sok & Solovej 2015-2018: mathematically
profound, but e.g. no flat complex line bundles are used.
Spinors S® — C? are glued along Seifert surfaces

Lieb & Seiringer 2010. Book “Stability of matter”. Much
broader, mathematically rigorous, interesting to read
Deng& Wang & Sun & Duan: arxiv cond-mat 1612.01518
keywords: DNA, supramolecular chemistry, polymers, helium
superfluid, spinor Bose-Einstein condensates, quantum
chromodynamics, string theory, quantum Hall effects, topological
insulators, Faddeev-Skyrme model, Hopfions,
Bi&Yan&Lu&Wang Phys. Rev. B 2017: Nodal-knot \}R
semimetals



Questions

Is this mathematically rigorous?
Interesting consequences for knot theory?
Interesting new boundary conditions for new applications?

My perspective
» Boris Botvinnik and Nikolai Saveliev asked me: can we
rigorously follow the calculation of these knot invariants?
More information about them? Interesting discussions
(stopped by Corona work overload etc)

> joint project with Nadine Grof3e: classification of the
self-adjoint extensions in the general setting
» next steps: boundary regularity, compact resolvents,
Fredholmness, index theory, KO-theoretical framework
Disclaimer: Work in progress. Still sign mistakes, 1.o.t.-terms
neglected etc.. Some parts will be sketchy.
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Other mathematical literature?

The problem can be interpreted as a stratified space with strata
of dimensions mand m — 2.
Much literature, but our case does not seem to be covered.

» Albin & Gell-Redman 2016: incomplete edge space.
Self-adjoint extensions, Fredholmness, index theory. This
seems to fit. However, A&G-R require a spectral condition,
called “Witt condition” which is in our case only satisfied for
aeZt.

Mazzeo: has work prior to A&G-R on a blown-up version,
seems to have gone into A&G-R

v

» Leichtnam & Mazzeo & Piazza
» Brining
» Sergiu Moroianu
» Atiyah & LeBrun
It seems that we have to do the work ourselves. \}R



Self-adjoint extensions. Again: the setting

(joint work in progress with Nadine Grof3e, Freiburg)
» N a compact oriented submanifold of codimension 2 of M.

» 7 :[M: N] — M the blowup of M along N.
SuN =0[M: N] = =~ 'N.
g=7"g: Tp[M: N]® Tp[M : N] — R is degenerate along
circle fibers of SyN — N

» W — [M : N] a suitable generalized g spinor bundle

Monodromy o = (v, ..., ag). .
Parallel transport in W around N; is €™
The associated Dirac operator [ is a formally self-adjoint 1st
order differential operator.
Qr



Minimal and maximal closed extensions

C2°(W) := {sections of W with compact supportin [M : N]}
Coo (W) = {sections of W with compact supportin M\ N}

The minimal Dirac operator ,,;, is the Dirac operator whose
domain is the closure of C3g(W) with respect to the graph norm

2 2 2
el = llellz + |1 Deol| 72
D pin is Symmetric.

Drnax := D, symmetry implies dom(Dpin) € dom(Dpax)-

Our Goal: Find domains D with dom(D,,in) € D C dom(Dpay)
such that

mmax|D

is self-adjoint.
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The role of C(W)

For codimension 1 boundaries: C(W) is dense in dom( D).

Is this true for codimension 2 as well?
No! Then dom(D,,,,) is not the closure of C(W).

Problem: D : C*(W) — C(W) not defined.

Even worse: [Z)(g0|M\N) ¢ L2, unless if o is parallel along the
circles of SyyN — N.

Q=



What about {¢ € C (W) | ¢ parallel along these circles}?

Case 1: a; ¢ Z. Such ¢ vanish on N;.

{p € CX(W) | ¢ parallel along circle} C dom(Dyyiy)
(more precisely: a corresponding local statement close to N;)
Case 2: o, € Z. Then we have

dOm(mmax) = dom(mmin)a

i.e. Dmin is self-adjoint!
Why this?

Thus: C°(W) seems to be useless for us!
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The case a € Z*

In this case W = ©*(W).

Lemma 1.
Let M be a complete manifold with generalized spinor

bundle W. Let H}D(M, W) be the completion of C°(M, W) w.r.t.

the graph norm of . If N c M is (a compact submanifold) of
codimension > 2, then CZ*(M\ N, W) is dense in Hjy(M, W).

Thus: “N is invisible.”

Q=



Lemma 1.
Let M be a complete manifold with generalized spinor

bundle W. Let H}D(M, W) be the completion of CZ°(M, W) w.r.t.

the graph norm of [D. If N C M is (a compact submanifold) of
codimension > 2, then C*(M \ N, W) is dense in H}D(M, W).

Proof.

WIlog codimension 2.

Let p € CP(M,WV).

Take a logarithmic cut-off

0 for r(x) < e e,
Xke(X) =4 Llog (X)e for e ke < r(x) <e, (1)
1 for r(x) > e.
Then
[V (xkep) — V|| 2 < Cle + V). )

Fore = k—'/2 — 0 we have yx .o — ¢. U‘}R



Some positive results (without proofs)

Lemma.
Suppose that ¢ € dom (D) is bounded on a neighbourhood
of N. Then ¢ € dom(Dyn)-

Lemma.

Assume that the geometry of g and W is bounded, D coercive
at infinity. Then on dom(D,i,) the graph-norm for [ is
equivalent to the classical H'-norm, i.e. the graph norm for V.

Lemma.
For an L} .-section o of W we define Dy in the distributional

sense where as test functions we use the compactly supported
smooth sections of W* @ \" T*M. Then dom(D,,.,) is the vector

space of all L! _-section of W for which ¢ and Dy are in 2.
Qr
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Abstract extension space

Q= dom D,ax
~ dom wmin
abstract extension space with graph norm.
For ¢, € dom(Dp.x) We define

Blel i) = [, (1Dov) ~ (6. D) e

It is a well-defined, non-degenerate skew-hermitian form on Q.
Goals:

Identify this as H-sections of a bundle over N.

Show that the pairing is perfect.

{self-adj. bdy cond.} A4, {Lagrangian subspaces of (Q, b)}

Q=



The normal volume element

Let (e1, e2) be a positively oriented orthornormal frame of the
normal bundle vy N at p.

We define wnor 1= €1 - €2 € End(Wp).

Extend smoothly for p in neigborhood of N. Decompose into
wnor-€igenspace bundles for eigenvalues +i.

W=Ww,o W

D=0""+0,-0" +lot
~N =

odd even

Q=



Portmann-Sok-Solovej boundary conditions

Choose asign¢; € {1} foreachj=1,... ¢
Close to N; the boundary condition is

B = {¢ € dom(Dna) | (wnor + f€j) - ¢ € dom(Dpin)}-

Theorem 2 (PSS ~ 2017).

This is a self-adjoint boundary condition in the case M = S8,
N a link, L flat.

We extend this the whole setting, but there are many more
self-adjoint extensions.

@k



Continuity in o

Is the PSS boundary condition continuous in a?

The PSS boundary condition is
» continuous for ¢;a; /0 mod Z,
» but non-continuous for ¢ja; ~\, 0 mod Z.

General boundary conditions

The H-spaces have a both-sided regularity incontinuity at
aj=1/2 mod Z

Importance of continuity

Spectral flow arguments
Fredholm index is not constant at o; =0 mod Z.

@k



2-dimensional model space

Assume M=C>5z N={0},x=C?=%,p%_
L flat bundle over [C : {0}], monodromy «
Then wye is the standard volume element.

o-o-va(®, )

Z_ represents a nowhere vanishing smooth section of L.

12|~
BZY
+ . (2'z - (0
C5q = ( 0 > ®5 = (Zﬂﬂz >

Ansatz:
where 5 and ~ over real numbers with § — v + a € Z.
o5 e LR iff B4+ > —1

loc
I'Z)CDEW - _\@Bq)g—tw’ mcbgﬁ - \@Vcbgﬁ—ﬂ
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Lemma.

The condition that CDi 5 € dom(Dpay ) is characterized as follows

(“locally around 0”).

(1) Suppose 3 # 0 andy # 0. Then &7 € dom(Dy,) if and
only B+~ > 0.

(2) Suppose 3 =0 and~ # 0. Then <1>;£7 € dom (D) if and
only ify> —1,and ®; € dom(Dpay) if and only ify > 0.
(3) Suppose 8 # 0 and~ = 0. Then & ; € dom(Dy,) if and
only if 5 > 0, and <I>/§O € dom(Dpay) ifand only if 3 > —1.

(4) Suppose 3 =~ = 0. cbafo € dom(Dax) = dom(Dpyin)-

a € (0,1): Then elements in dom(D,,.«) are of the form

<Za_1¢+) + dom(By)-

Z %p_
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Higher dimensions: Extension map and Trace map

Again codimension 1.
The restriction map R : C*(M; W) — C*(OM; W) extends to a
continuous map, called “trace map”,

R : dom(Dax) — H™/2(OM; W)

However this is not surjective. H(OM; W) := R (dom(Dpay))-
Decompose
C(OM: W) = S, ®S_.

Obtain H(OM; W) by completing S.. with respect to the
H'/2-norm and S_ with respect to the H~'/2-norm.
There is a continuous extension map

E: HOM; W) — dom(Dpax), Ro&=id.

Idea: Similar approach in codimension 2?
Qr



Higher dimensions: Extension map and Trace map

Back to codimension 2.
Now: For simplicity of presentation let N be connected.
Idea: The trace map is given by

R :dom(Dpex) — r(Wis,n)
. (r’me 0
o J'\%( 0 ra) elauyny
4 def
bleh ) = [ (Do)~ (o 00) o0
= B(R(¢), R(¥))

where B(o, V) = fSMN<d>, dr - V) dp and where 1 is the
S'-equivariant measure on SyN with 7, = dvolV.
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We obtain:

Extension operator
E: Fla(W|SMN) = Image(R) — dom(Dpmay)
Properties:

RoE = Id
b(p,E(W)) = B(R(y), V)

Bis a perfect pairing on Ha(W|s,,n)-

To determine FI(X(W|SMN) we have to consider
» S'-equivariance
> regularity along N

Q=



Equivariance

Let o € (0,1)

S' ¢ C acts on the S'-principle bundle SyN — N:
p: S' — Diff(SyN).

Then K := dp(i) a vector field on SyN.

We define

I’a(WﬂsMN) = {¢ S COO(WJF‘SMN) with Vg® = I(1 — Oé)q)}

I’a(W*\SMN) = {CD € COO(Wi‘SMN) with Vo = —iad)}
Fo(Wlsyn) = Ta(W'syn) @ Ta(W|s,n)

Fo(Wls,n) is the space of sections of a vector bundle over N.

Q=



Density and regularity

Relevance: Let ¢, € I, (W*[g,n).
Then
x(r) <r°‘_1d>+ + r—%_) € dom(Dma)-

Up to l.o.t. and Vx-terms it is in the kernel of the normal Dirac
nor

operator ™. 5
Fo(W|s,n) is dense in the Hilbert space H,(W|s,,n).
To explain the norm on the space we will discuss

» The canonical metric on the normal bundle
» The N-Dirac operator
» The H,-spaces

Q=



Canonical metric on the normal bundle

To understand codimension 1 boundary conditions, one has to
understand half-cylinders N x [0, oo) first.

In fact, half cylinders are a special case of the (blown-up)
canonical metric on the normal bundle.

Let N C M be of codimension k. The canonical metric is a
Riemannian metric on the total space of = : vyyN — N such that

» 7 is a Riemannian submersion,
» the horizontal spaces #p are given by the connection on
UMN — N,
» for V € vy the vertical space in V is naturally isometric to
VMN’ﬂ.(V).
The Dirac operator Dg on (vyN, gean) is our model operator.

Q=



The N-Dirac operator

The horizontal space also define a distribution # of
codimension k — 1in SyN.

Foranonb eq,...,en_k of Hp and ¢ € I'(W|s,n) We define the
N-Dirac operator as

N m—k
(LD s@) p=—Y_ 0r-€-Vep.
j=1

Lemma. N
The operator D" is an odd, formally self-adjoint, elliptic
operator of Dirac type on N.

Q=



Back to our codimension 2 setting

On the model space we have

K
wozar'vr+7'vK/r+ar'[DN

E;nror
=0 - (Vr — Whor * VK/" + IDN)

Note that
(vr — Wnor - vK/r) (ra_190+) =0
(Vr = wnor - Vieyr) (r%¢-) =0

Idea: Analyse this in a spectral decomposition for LZ)N
This will give us the H-space.
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The H, spaces

“Theorem”.
Leta € (0,1). We obtain a splitting

Fa(Wisgn) = Ved Vo

v — HB — H-B
Ho(Wisyn) = Vi @ Vo

where 5 := min{a, 1 — a}.
There is a surjective trace map R : dom(Dpux) — Ha(W|s,,n)

with kernel dom(Dy,) and an injective extension map
£ Ha(W|3MN) — dom(mmax) with

Ro& = Id
b(p,E(V)) = B(R(). V)

B is a perfect pairing on Ha(W|s,n)-

V= {® e To(W]g,n) | ® “extends” to a [Dy-harmonic L2—spin(‘}R



The Ansatz

Attention: D" anticommutes with wpor.

We assume D" ¢ = A\, & = (&, d_).

For r — oo: P" dominates, thus L2 < A > 0

For r — 0: Vi, dominates

Ansatz

We search for a solution asymptotic to exp(—Ar)®

(,0:f+(r)¢+—|—f,(l’)¢,, f:(f+af*)

Do = 0 then translates into

0=F(r)+ 1? (1 o g) f(r) + AF(r)

The asymptotics for r — 0 of solutions of this ODE depend

strongly on the sign of a — 3.
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The concrete extension spaces H,

For a € (0,1/2): for a smooth section ¢ = (¢, d_) of Wis,,n
IOIE = P4 lIF-a + - [[Fe
For a € (1/2,1): for a smooth section ® = (¢, d_) of Wis, v
IDIZ = (P4l + [P |

For a = 1/2: the space V_ is spanned by the eigenspinors of
P" to the positive eigenvalues.
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The extension map

On V_ itis obtained by solving the ODE backwards: from r — 0
to r — oc.

V_ — dom(Dyax)

What do we do with V.. ? (for simplicity o # 1/2)
Extend ¢ € V. by

£(®) = rf- exp( I \r)

Then DPye +# 0, but the L2-norm of Py remains sufficiently
well-controlled.
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Why is it impossible to find an extension on a larger
space H? Why is it impossible that Image R is larger?

(Until now we only have seen arguments for H, C Image R!)

Answer: As we have found a space, on which B is a perfect
pairing!
Consider the continuous map

V= b(p, £(V)) = B(R(¢), V)
Thus B(R(yp), ®) € H*

= R(¢) CHECHE=R,

So, if H - H is a strict inclusion, then H*B - H, thus we get a
contradictionto R o £ = Id.
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Summary

For N connected, codimension 2
> o € Z: dom(Dpay) = dom(Dyin) = dom(DM)

» For each a € R\ Z selfadjoint extensions are in bijection to
Lagrangian closed subspaces of H,

» Positive PSS boundary conditions continuous for « 0.
Negative PSS boundary conditions continuous for o 0.

» Fredholm property

> allows spectral flow, index theoretical arguments
» KO-theoretic framework

» link invariants
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